Constitutive relation for plane stress with transverse
shear behavior
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The fourth-rank tensor of interest is the elastic stiffness matrix, which appears in the
generalized Hooke’s law as follows:

0ij = Cijki€ri (1)
Stress and strain tensors have 9 components in 3-space and the constitutive tensor
81.

o1 = Chiign + Crigerz + Criiseis + Crizicar + Chrigegae + Chizseas + Crisiest + Chisaese + Clissess

012 = Cran1e11 + Cra12€12 + Cra13e13 + Cragi€a1 + Craneean + Clagseas + Craziesr + Clragacss + Classess
o13 = Ciz11611 + Clarerz + Cizize1s + Craai€21 + Cizgacan + Cizazeas + Clszicsr + Cigsaese + Clsgsess

091 = Cor1€11 + Cor12€12 + Corize1s + Caiai€a1 + Cor22€22 + Carazeas + Corziesr + Carzagsa + Coissess

093 = Cogi1€11 + Cozracrz + Casizeis + Casaiear + Caznacan + Cogazeas + Casziesr + Cagsacsa + Cosgacss
031 = Cs111611 + Cs112€12 + Car13613 + Cs121€21 + Ca122622 + Cs123623 + Cai31631 + Ca132632 + Ch133€33

022 = Cogr1611 + Caz12612 + Cogizers + Caonr€a1 + Cogagan + Caoascaz + Cogsiesr + Caozacsa + Cogssess (6)
032 = Cs11611 + Cso19612 + Caa13613 + Cspa1621 + Czz2692 + Cspazeaz + Ca31631 + CUsazaesn + Chassess ( )

033 = Cazi1611 + Csz19612 + Cssi3€13 + Csza1621 + Cs3a0692 + Csza3€23 + Cs3z1631 + Csgaacse + Chsgacss (10

If stress and strain tensors are symmetric i.e.,

Uij = O'j,' and €ij = Ejz' (11)

We can consider first symmetry of strain to get a reduction of three constants for
Cijrr = Cijir for each index 7 and j which gives us a reduction of 9 x 3 = 27, leaving 54
independent constants. Next we have symmetry of stress which gives Cj; = Cjji. In this
case we have again 27 potential constants that are reduced, since there are three duplicate
17 constants for nine kl constants. However, there is an overlap with C3131, C3232, Co1o1,
C3113, U303, Co112, Ch331, Coszza, Cloo1, leaving us to reduce the number of independent
constants by 18. This leaves us with 36 independent constants.

We have major symmetry due to the existence of a strain energy function. The follo-
wing expression is the strain energy in a linear elastic material (for small deformations,
Cauchy stress and infinitesimal strains),
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Cauchy stress was defined using Hooke’s law, so we can write the strain energy as
presented in the second part of Eq. 12. If we differentiate the strain energy function twice

with respect to the strain we obtain the Hooke’s law constants:
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Differentiating once more we get,
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Similarly,
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but the order of differentiation of W is immaterial, so,

Oijkl = Cklij (16)

This allows us to reduce the number of independent constants by 15 to 21. Thus,
for any linear elastic material we need to measure at most 21 constants. This last por-
tion of the text was taken from http://www.umich.edu/ bme332/ch6consteqelasticity/
bme332consteqelasticity.htm (course BME 332: Introduction to Biosolid Mechanics). I
also took information from Mechanics of composite materials, second Ed. (Jones, 1999).

0.1. Defining constitutive relation for full anisotropic
elasticity

A linear elastic material model is valid for small elastic strains (normally less than 5 %.
See Abaqus 6.14 Analysis user’s guide on internet) and can have properties that depend
on temperature or other field variables. For the general case of anisotropic elasticity the
stress-strain relationship can be expressed as a 6x6 matrix. Anisotropic materials have
no symmetry planes for the elastic properties. The constitutive relation for linear elastic
anisotropic materials is,
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If its symmetry is taken into consideration we have only 21 independent elastic stiffness
parameters,



Cllll 01122 01133 01112 01123 611113
02222 02233 02212 02223 02213

3333 (13312 (13323 (13313
C C C C

1212 (1223 11213
C C C

sym 02323 02313

(71313

For the linear elastic material model the Cauchy stresses are defined in terms of the
constitutive model and the infinitesimal strains as,

c=C"-¢ (19)

0.1.1. Stability

The restrictions imposed upon the elastic constants by stability requirements are too
complex to express in terms of simple equations. However, the requirement that C is
positive definite requires that all of the eigenvalues of the elasticity matrix be positive.

0.2. Linear elastic orthotropic material

Orthotropic materials have three orthogonal symmetry planes for the elastic properties
passing through every point in the material. Strain expressions for the most general linear
elastic orthotropic material are,

1 V21 V31
_ _ s 20
€1 Elal £, 02 Es 03 ( )
e :ia _he D2 (21)
2 £, 2 E, 1 Es 3
1
€3 = —/ 03 — @0'1 — @0'2 (22)

= — 23

Y12 e ( )
713

= — 24

713 Grs ( )
T23

= — 25

V23 Gos ( )

Now we can form the most general expression for the compliance matrix in 3D ortho-
tropic elasticity:
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0.2.1. Poisson’s ratio

v;; means transverse strain in the j-direction when the material is stressed in the
i-direction and,

(27)
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0.2.2. Stability

The conditions of material stability or Drucker stability must be satisfied. These
conditions require that the tensor C be positive definite, which leads to certain restrictions
on the values of the elastic constants.
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Replacing v;; from Eq. 27 into the expressions on Eq. 29 and operating we can get,
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1 — vigv91 — Va3V3e — V3113 — 2Un1 V32113 > 0 (31)

When the left-hand side of the inequality approaches zero, the material exhibits in-
compressible behavior.

0.3. Plane stress with transverse shear material mo-
del

This material model is used for plates and shells. If we assume o3 = 0 in Eq. 26 we
get,
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This is how we get the compliance matrix for orthotropic elasticity in plane stress
with transverse shear deformation,
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We can’t forget that strains can still be calculated as,
3 = —@0'1 — @02 (34)

Now we are going to find the constitutive relation. Taking into consideration Eq. 33
we can do,
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o1 = E1€1 + 09 (35)
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Substituting oy in the expression for ¢4 from Eq. 33 we get,
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Now we can substitute last o5 in Eq. 35 and we get,

o= 1 —7}5//1112V2181 * 1 fQIVit/lz “ (37)
With D =1 — vy5191 we have,
o1 = %61 + VQ})El €2 (38)
oy = V12E251 + %52 (39)
T12 = G1a72 To3 = Gaz7os 731 = G31731 (40)

Finally, we get,
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Again with,
€3 = —%?01 — VE—QZ’UQ (42)

Due to the symmetry we have Ci5 = Cyq, then,

1/21E1 = V12E2 (43)

With this material model for orthotropic elasticity in plane stress (with transverse
shear deformation included) we just need six values to define an orthotropic material: £},
Es, v19, G2, G293 and (G13 because Poisson’s ratio 15, can be calculated from Eq. 43 as,

Vo1 = = V12 (44)
0.3.1. Stability

Material stability for planes stress requires (see Abaqus 6.14 Analysis User’s Guide),

Ey, By, Gia, Gag, G13>0 (45)
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0.4. Isotropic materials

Have an infinite number of symmetry planes passing through every point in the ma-
terial.

0.4.1. Stability

The stability criterion requieres that £ > 0, G > 0 and —1 < v < 0,5. Values of
v — 0,5 result in nearly incompressible behavior.
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